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Abstract
A bitopological version of realcompactness is defined. Constructions of realcompact pairwise ex-
tensions of a bitopological space are presented.
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1. Cocompact extensions
There are various ways to characterize realcompactness and each such characterization
can be used as a starting point for a bitopological definition of realcompactness [3,6]. In this
paper the starting point is a characterization of realcompactness by Van der Slot [7]. The
characterization of Van der Slot is related to the well-known theorem stating that a space X
is realcompact if and only if every z-ultrafilter with the countable intersection property is
fixed [5, p. 114]. In the characterization of Van der Slot the family of zero-sets is replaced
by a subbase S for the closed subsets which has some additional separation properties
and the z-ultrafilters with the countable intersection property are replaced by maximal
centered systems from S with the countable intersection property. The characterization of
Van der Slot [7] as well as our approach to realcompactness are closely related to Shanin–
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refer to [1,2]. For the convenience of the reader we present in Theorem 1 the main result
of [2].
The bitopological spaces to be considered in this paper have a strong interrelation be-
tween their topologies. More specifically, throughout we assume that a bitopological space
(X,V,W) has the property that V is a fine cotopology of W , that is
(C0) V is a T1-topology and V ⊂W .
(C1) W is completely regular with respect to V .
We shall assume that there are closed subbases S and T of V andW respectively such that
(S0) T is subbase-R0 with respect to S ,
(S1) the pair (S,T ) is pairwise normal.
Note that the properties (S0) and (S1) entail (C1). We start our discussion of the bitopolog-
ical version of realcompactness with a brief exposition of the construction of cocompact
pairwise extensions [2]. We assume that (X,V,W) has the following additional property
(F) For every finite cover of X with elements of {X\S | S ∈ S} there is a finite refinement
with members of T .
In [2] a construction is presented of a bitopological extension (X˜, V˜,W˜) of a bitopolog-
ical space (X,V,W) such that (X˜, V˜) is compact. The underlying idea is that of a uniform
approach to both compactifications and (metrisable) complete extensions. The following
theorem was proved in [2].
Theorem 1. Let (X,V,W) be a bitopological space and let S and T are closed subbases
of V and W respectively. Suppose that the conditions (C0), (S0), (S1) and (F) are satisfied
with respect to S and T . Then there is a pairwise embedding
e : (X,V,W) → (X˜, V˜,W˜)
such that (1) through (5) are satisfied
(1) V˜ is a fine cotopology of W˜ ,
(2) (X˜, V˜) is compact,
(3) {clW˜ e(T ) | T ∈ T } is a closed subbase of (X˜,W˜),
(4) {clV˜ e(S) | S ∈ S} is a closed subbase of (X˜, V˜),
(5) for all S ∈ S and T ∈ T , if S ∩ T = ∅, then clV˜ e(S) ∩ clW˜ e(T ) = ∅.
Implicitly, it was also shown, [2, Proposition 3.16], that clW˜ e(S) = clV˜ e(S) for every
S ∈ S . For the sake of brevity we shall identify e(X) with X and denote clW˜ e(A) by
A˜ for every subset A of X. A special property of the closure operator that will be used
in this paper follows. The proof of the next proposition is implicitly in the proof of [2,
Proposition 3.14].
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for some x ∈ X˜ and A ⊂ X, then there are S1, . . . , Sn ∈ S such that x ∈ S˜i , i = 1, . . . , n,
but S1 ∩ · · · ∩ Sn ∩ A = ∅.
Proof. In the proof of [2, Proposition 3.14] it is shown that there is a subset C of X with
x ∈ C˜ such that C and A are far with respect to S and T , that is, C =⋃{Ci | i = 1, . . . ,m},
A =⋃{Aj | j = 1, . . . , n} for some Ci and Aj and for each i and j there are Sij ∈ S and
Tij ∈ T such that Ci ⊂ Sij , Aj ⊂ Tij and Sij ∩ Tij = ∅. Now x ∈ C˜k for some k. Then
x ∈ S˜kj for all j = 1, . . . , n and ⋂{Skj | j = 1, . . . , n} ∩⋃{Tkj | j = 1, . . . , n} = ∅. As
Ck ⊂⋂{Skj | j = 1, . . . , n} and A ⊂⋃{Tkj | j = 1, . . . , n} the proof is complete. 
2. Realcompact extensions
In [7] Van der Slot introduced a so-called countability condition for closed subbases.
The bitopological version follows.
(C) For every countable cover of X with elements of {X\S | S ∈ S} there is a countable
refinement with members of T .
Equivalently, for all families {Sn | n = 1,2, . . .} ⊂ S such that ⋂{Sn | n = 1,2, . . .} = ∅
there are Tm ∈ T , m = 1,2, . . . such that ⋃{Tm | m = 1,2, . . .} = X and for each m ∈ N
there is an n ∈ N such that Sn ∩ Tm = ∅. A standard example in the topological case, when
the two topologies coincide, is S = T = Z , the family of all zero-sets of a completely
regular space. With the definition of realcompactness in mind we define the bitopological
notion.
Definition 3. Let (X,V,W) be a bitopological space with closed subbases S and T of
V and W respectively such that the conditions (C0), (C1), (F) and (C) are satisfied with
respect to S and T . Then the space (X,V) is said to be realcompact (with respect to S
and T ) if every maximal centered system of S with the countable intersection property
(c.i.p.) has a non-empty intersection.
If V = W is a completely regular topology then with S = T = Z the definition re-
duces to a standard definition of realcompactness: every Z-ultrafilter with c.i.p. is fixed [5,
p. 114]. In [7] it was shown that for every Tychonoff space with a subbase S for the closed
sets that satisfies certain separation properties a realcompact extension (related to S) can
be constructed. For S =Z that procedure resulted in the Hewitt realcompactification. We
present a similar theorem for bitopological spaces.
Theorem 4. Suppose that (X,V,W) is a bitopological space. Suppose that there are closed
subbases S and T of V and W respectively such that the conditions (C0), (S0), (S1), (F)
and (C) are satisfied. Then there exits a pairwise embedding
e : (X,V,W) → (X̂, V̂,Ŵ)
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of closures in (X̂,Ŵ) of the elements of S and T .
The proof of the theorem starts with the result of Theorem 1. There is a pairwise embed-
ding as mentioned in that theorem. From that theorem it follows that the conditions (C0),
(C1) and (F) for S and T carry over to S˜ and T˜ , respectively. Recall the notational conven-
tion A˜ = clW˜ e(A), for any A ⊂ X. We start with a lemma, the proof of which is suggestive
for later results.
Lemma 5. Suppose S1, . . . , Sn ∈ S . If S1 ∩ · · · ∩ Sn = ∅ then S˜1 ∩ · · · ∩ S˜n = ∅.
Proof. Suppose S1 ∩ · · · ∩ Sn = ∅ for Si, . . . , Sn ∈ S . By condition (F) there are
T1, . . . , Tk ∈ T such that T1 ∪ · · · ∪ Tk = X and for each j ∈ {1, . . . , k} there is an
i ∈ {1, . . . , k} such that Si ∩ Tj = ∅. To prove the lemma we assume x ∈ S˜1 ∩ · · · ∩ S˜n
for some x ∈ X˜. As X˜ = T˜1 ∪ · · · ∪ T˜k there is a j such that x ∈ T˜j . For this j there is an i
such that Si ∩ Tj = ∅. By Theorem 1(5), it follows that S˜i ∩ T˜j = ∅, whence x /∈ S˜i . This
contradiction shows that S˜1 ∩ · · · ∩ S˜n = ∅. 
In the proof of Theorem 1 as presented in [2] special filters, namely maximal concentric
systems, have been used to define the new points of the extension X˜. Once that has been
done we can establish a new relation between points of X˜ and subsystems of S .
Recall that a centered system of S is a subfamily of S with the finite intersection prop-
erty (f.i.p.), that is, every finite subset of S has a nonempty intersection. Let the maximal
centered systems of S be denoted by small Greek letters ξ, η, . . . .
Lemma 6. The assignment
Ψ (ξ) =
⋂{
S˜ | S ∈ ξ}
is a one-to-one map of the collection of all maximal centered systems of S onto X˜.
Proof. First we observe that for any pair (x, y) of points of X˜ there exists an S ∈ S such
that x ∈ S˜ and y /∈ S˜, as S˜ is a closed subbase of the T1-topology V˜ (that the topology V˜
is T1 was shown in [2, Proposition 3.15]). As the system {S˜ | S ∈ ξ} has f.i.p., by com-
pactness of (X˜, V˜ ) the intersection
⋂{S˜ | S ∈ ξ} is non-empty. By Lemma 5 the system
{S˜ | S ∈ ξ} is a maximal centered system. As S˜ is a subbase for the closed subsets of V˜ ,
the intersection consists of one point only. It follows that Ψ is well defined. To show that
Ψ is onto X˜ note that for each x ∈ X˜ the family S˜x = {S˜ | S ∈ S, x ∈ S˜} is centered. This
family is maximal too, as can be proved as follows. Assume that S˜x can be enlarged to
a centered system by addition of an extra S˜∗ with S∗ ∈ S and x /∈ S˜∗. The enlarged system
has non-empty intersection by compactness of (X˜, V˜). If y is a point of the intersection,
then y = x. Now select Sx ∈ S˜x such that x ∈ S˜x , but y /∈ S˜x . Then y /∈⋂ S˜x , a contradic-
tion. By Lemma 5 it now follows that {S | S ∈ S, x ∈ S˜} is a maximal centered system. Its
image under Ψ is x. For the injectivity of Ψ we observe that for any distinct ξ and η there
are S1, . . . , Sn ∈ (ξ ∪η) such that S1 ∩· · ·∩Sn = ∅. By Lemma 5 we have S˜1 ∩· · ·∩ S˜n = ∅.
Consequently,
⋂{S˜ | S ∈ ξ} =⋂{S˜ | S ∈ η}, whence Ψ is injective. 
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(X˜, V˜) where
X = {x ∈ X˜ | Ψ −1(x) has c.i.p.}.
There is an alternative description of X̂ which exhibits the role of T in the definition.
Proposition 7. Let T denote the collection of all countable covers Tc of X by elements
of T . Then
X̂ =
⋂{⋃{
T˜ | T ∈ Tc
} | Tc ∈ T}. (1)
Proof. Suppose x ∈ X˜\X̂. Then Ψ −1(x) does not have c.i.p. Select S1, S2, . . . ∈ Ψ −1(x)
such that
⋂{Si | i = 1,2, . . .} = ∅, but x ∈ S˜i for each i. By condition (C) there are Tm,
m = 1,2, . . . such that ⋃{Tm | m = 1,2, . . .} = X and for each m there is an i such that
Tm ∩ Si = ∅ and consequently by Theorem 1, conclusion (5), T˜m ∩ S˜i = ∅. It follows that
for each m,x /∈ T˜m. Thus x does not belong to the right-hand side of (1). Conversely, if
x does not belong to the right-hand side of (1), then for some Tc = {Ti | i = 1,2, . . .} ∈ T
the point x does not belong to
⋃{T˜i | i = 1,2, . . .}. Then x /∈ T˜i for each i = 1,2, . . . .
Denote Ψ −1(x) by ξ . Then by Proposition 2 it follows that there are Si,1, . . . , Si,n(i) ∈
ξ such that Si,1 ∩ · · · ∩ Si,n(i) ∩ Ti = ∅. This can be done for each i. The result is that⋂∞
i=1{
⋂n(i)
k=1 Si,k} = ∅. This shows that ξ does not have c.i.p. and, consequently, x /∈ X̂. 
We continue the proof of Theorem 4. For each S ∈ S we write Ŝ = S˜ ∩ X̂. Let Ŝ = {Ŝ |
S ∈ S}. It is easily seen that Ŝ = clX̂ S. Similarly we define T̂ = T˜ ∩ X̂. Let T̂ = {T̂ | T ∈
T }. It is easily seen that T̂ = clX̂ T .
Lemma 8. Suppose Si ∈ S for all i ∈ N. Then ⋂{Si | i ∈ N} = ∅ if and only if ⋂{Ŝi | i ∈
N} = ∅.
Proof. Suppose Si ∈ S for all i ∈ N and ⋂{Si | i ∈ N} = ∅. By condition (F) there are
Ti ∈ S, i ∈ N, such that ⋃{Ti | i ∈ N} = X and for each j ∈ N there is an i ∈ N such that
Si ∩ Tj = ∅. To prove the lemma assume x ∈⋂{Ŝi | i ∈ N} for some x ∈ X̂. In view of
formula (1), X̂ ⊂⋃{T˜i | i ∈ N}. It follows that there is a j such that x ∈ T˜j . For this j
there is an i such that Si ∩ Tj = ∅. By Theorem 1(5), S˜i ∩ T˜j = ∅, whence x /∈ S˜i . This
contradiction shows that
⋂{Ŝi | i ∈ N} = ∅. 
We claim that (X̂, V̂) is a realcompact bitopological space (with respect to Ŝ and T̂ ).
That conditions (C0), (C1), (F) and (C) are satisfied by Ŝ and T̂ easily follows from the
respective properties of S˜ and T˜ and the observation that in view of Lemmas 5 and 8⋂
{Si | i ∈ I, Si ∈ S} = ∅ if and only if
⋂{
Ŝi | i ∈ I, Si ∈ S
}= ∅
for every countable index set I . Let ξˆ be a maximal centered system of Ŝ with c.i.p. Then
ξ = {S | Ŝ ∈ ξˆ} as well as ξ˜ = {S˜ | S ∈ ξ} are maximal centered systems with c.i.p. Thus
Ψ (ξ) ∈ X̂ and {Ψ (x)} =⋂{S˜ | S ∈ ξ} =⋂{Ŝ | S ∈ ξ} =⋂ ξˆ .
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